Introduction
The phenomenon studied in this paper is related to the Weissenberg effect and called Quelleffekt as mentioned in Part I ͓1͔. Quelleffekt was studied two decades ago for relatively elastic fluids at small Reynolds numbers, the most important reports being those of Bohme et al. ͓2͔ and Devvat and Hocq ͓3͔ for silicon oil and a 2.5% polyacrymide aqueous solution. Their experimental and numerical simulations show that the viscoelastic fluid in a cylindrical vessel flows upwards along the axis of symmetry and produces a bulge in the free surface around the axis when the fluid is driven by a rotating disk at the bottom of the vessel. Xue et al. numerically studied the effect of small amounts elasticity on the flow pattern for the confined flow ͓4͔. Siginer and his co-workers ͓5-13͔ first connected the free surface shape with rheological parameters in the viscoelastic constitutive equation for the viscoelastic liquid.
We did not observe the bulge in our experiments because of the lower elasticity of the CTAC surfactant solution compared to silicon oil and polyacrymide aqueous solution and the extremely large inertial force at the large Reynolds number. To our knowledge, the effects of elasticity on the flow pattern and free surface shape of the swirling flow at a large Reynolds number and small elasticity have not been reported. Those effects were measured experimentally in Part I ͓1͔ and are numerically analyzed herein utilizing a viscoelastic Giesekus model.
One of the key issues in the simulation is the proper modeling of the free surface. Several numerical techniques have been developed to deal with free surface flows; for example, the surface height method ͓14͔, marker-and-cell ͑MAC͒ method ͓15͔, volume-of-fluid ͑VOF͒ method ͓16͔, and level-set method ͓17͔. The MAC method is a simple and effective technique in which Lagragian marker particles are advected at the velocity of the local fluid, with their distribution determining the instantaneous fluid configuration. The method was designed for Newtonian fluid and has been successfully used in solving a wide range of complex free surface problems. Recently, Tomes et al. ͓18͔ applied the MAC technique for the first time to viscoelastic free surface flows in a two-dimensional Cartesian coordinate and achieved satisfactory solutions. In this study, we further extended the MAC method to calculate the viscoelastic axisymmetric swirling flow.
Numerical Method
The flow was described in detail in Part I ͓1͔ and is sketched in Fig. 1 herein. The fluid is enclosed in a circular cylinder having radius R, and a disk at the bottom rotates with a constant angular velocity. The radius of the rotating disk is assumed to be equal to that of the cylindrical vessel. Shear thinning and elasticity are two important properties influencing the flow behavior of the surfactant solution when its concentration is larger than a certain value ͓19͔, which can be well described by a Giesekus model ͓20͔ as shown in Part I. The governing equations of Giesekus fluids can be written as follows:
Continuity equation:
where , , , and ␣ are the relaxation time, solvent viscosity, surfactant contribution to the zero-shear-rate solution viscosity, and mobility factor, respectively. The Giesekus model reduces to an Oldroyd-B model ͓21͔ by setting ␣ equal to zero. By introducing the following dimensionless variables
the governing equations can be written in dimensionless form as
For simplicity, the superscript * 's in the above nondimensional equations were dropped.
In the experiments, the flows were three-dimensional turbulent ones. DNS could not be carried out for a Reynolds number as high as 4.3ϫ 10 4 and LES/turbulence viscoelastic models have not yet been developed. Therefore, we limited our simulations to laminar flows, which can be assumed to be axisymmetric. The axisymmetric swirling flow had ten unknown variables ͑three velocity components, pressure, and six extra viscoelastic stresses͒ to be solved. The full components of the Giesekus model for axisymmetric swirling flow were not readily found in a textbook and therefore we worked them out as follows: Transactions of the ASME Special attention should be paid to the treatment of the free surface. In this study, in which surface tension is neglected, the boundary conditions at the free surface are the disappearance of normal and tangential stresses as follows:
where n and m are the local unit normal and tangential vectors. Equations ͑17͒ and ͑18͒ can be rewritten as
In order to apply these conditions we divide the surface conditions into four types. ͑a͒ Horizontal surfaces: These surfaces are identified by surface cells having only one side contiguous with empty cells, and the normal vector is n = ͑0,1͒. Then, Eqs. ͑19͒ and ͑20͒ reduce to
͑b͒ Vertical surfaces: These surfaces are identified by surface cells having only one side contiguous with empty cells, and the normal vector is n = ͑1,0͒. Then we have
͑c͒ 45 deg slope surface cells: The surfaces are identified by surface cells having two adjacent faces contiguous with empty cells. For these cells, the normal vector is assumed to make 45 deg with the axes, i.e., n = ͑±1 / ͱ 2, ±1/ ͱ 2͒. For the surface with top and right empty cells, the normal vector is assumed to be n = ͑1/ ͱ 2,1/ ͱ 2͒ and we have
͑26͒
For the surface with bottom and right surfaces, we assumed the normal vector n = ͑1/ ͱ 2,−1/ ͱ 2͒ and then we have 
For the surface with bottom and left surfaces, we assumed the normal vector n = ͑−1 / ͱ 2,−1/ ͱ 2͒ and then we have
͑30͒
For the surface with top and left surfaces, we assumed the normal vector n ជ = ͑−1 / ͱ 2,1/ ͱ 2͒ and then we have ͑d͒ Surfaces with three sides or two opposite sides contiguous with empty cells: For these cases, the pressure is set to zero and adjust at least one velocity on the empty cell faces to satisfy the mass conservation.
A second-order finite difference scheme similar to that of Tomes et al. ͓18͔ was used to discretize the governing equations. An explicit method was used for time advancement and the numerical procedure is referred to Tomes et al. ͓18͔
Results and Discussions
A number of experiments and numerical simulations have been carried out for confined swirling flows of Newtonian and viscoelastic fluids ͓22,23͔. The results show that for Newtonian flow, an outward centrifugal force at the meridional plane causes the fluid near the rotating disk to flow radially outward, up the sidewalls of the cylindrical vessel, inward along the top, and finally down near the center, whereas for a highly elastic fluid, an opposite secondary flow is generated by the rotation of the disk due to the induced normal stresses in the fluid. Usually the vortex caused by centrifugal force is called an "inertia-driven vortex" and that due to elasticity is called an "elasticity-driven vortex." In order to validate our code, we first made calculations for the confined swirling flows of Newtonian fluid ͑Re= 100 and a = 1.0͒ and a relatively elastic Oldroyd-B fluid ͑Re= 100, We= 1, ␤ = 1.0, ␣ = 0.0, and a = 1.0͒. Figure 2 shows the secondary flows in the disk-cylinder system, in which the top disk and the sidewall of the cylindrical vessel are stationary and the bottom disk rotates at a constant angular velocity. It is clearly seen that the inertia-driven vortex and elasticity-driven vortex are reproduced by our code. Figure 3 shows the total normal pressure at the top stationary disk. It can be seen that the total pressure exerted on the top disk is larger near the sidewall than near the axis for Newtonian flow. Thus, if we remove the top disk we would expect the fluid to rise near the sidewall and dip near the axis. For the elastic fluid, the total pressure is larger near the axis, thus a bulge would be produced in the free surface around the axis when the disk is re- 
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Transactions of the ASME moved. The numerical total pressure distributions are consistent with the analyses of the rod-climbing effect in ͓24͔. Figures 2 and 3 validate our code. We checked the grid resolution using three sets of meshes with grid size of 1 / 20, 1 / 40, and 1 / 80 in each direction, respectively, and found that the grid size of 1 / 40 is enough to obtain a grid-independent solution. Next, we discuss free surface calculation. The fluid motion in the swirling flow system with aspect ratio a = 1.0 is studied. The flow pattern and surface shape are affected by five important parameters: ͑1͒ Weissenberg number, ͑2͒ Reynolds number, ͑3͒ Froude number, ͑4͒ viscosity ratio ␤, and ͑5͒ mobility factor ␣. Following is a systematic explanation of these effects.
(1) Effect of Weissenberg number: Elasticity is often represented by a Weissenberg number, which is defined as the ratio of relaxation time to the characteristic time of the fluid. Generally, the larger the Weissenberg number, the more important the role that elasticity plays. In this section, four Weissenberg numbers We= 0.01, 0.3, 0.5, and 1.0 were studied with other parameters set as Re= 100, Fr= 100, ␤ = 1.0, ␣ = 0.0, and a = 1.0.
Elasticity number E ͑E=We/Re͒ is another important nondimensional number defined as the ratio of the elastic force to the inertial force, which is independent of angular velocity. In the present study, E varies from 0.0001 to 0.01, which is almost the same range as that in Part I. Figure 4 shows the secondary flows of various Weissenberg numbers at the meridional plane; the results of Newtonian flow are also included for comparison. The effects of the Weissenberg number on flow pattern and surface shape are clearly seen. First, the flow patterns of the Newtonian flow and viscoelastic flow with We= 1.0 are, respectively, the same as those in Figs. 2͑a͒ and 2͑b͒ ; the magnitudes of velocity vectors do not have any apparent change when the top stationary disk is replaced by a free surface. The striking change is seen in the eventual curving of the flat liquid surfaces. The surface shapes of Newtonian flow and the high elastic flow ͑We= 1.0͒ are completely different: a dip is formed in Newtonian fluid while a bulge is produced in the high elastic fluid near the axis. The surface shapes are consistent with the radial distribution of total pressure in Fig. 3 . Secondly, the specific flow pattern and surface shape depends on the balance between the inertial force ͑Re͒, elastic force ͑We or E͒, and gravity force ͑Fr͒. In Fig. 4͑a͒ , the flow is controlled by inertia and gravity and an inertia-driven vortex is produced. In Figs. 4͑b͒-4͑e͒, normal stresses are introduced and the fluid motion is affected by elasticity. Since the Froude number is fixed, a competitive process between the inertial force and elastic force is seen. In Fig. 4͑b͒ , the elasticity number is 0.0001 and inertia dominates the flow field. "Newtonian-like flow" is seen, but the strength of the secondary flow field is dramatically suppressed. When the Weissenberg number is increased to 0.3 ͑E = 0.003͒, 30 times as large at that in Fig. 4͑b͒ , an elastic-driven small reverse vortex develops at the outward edge of the rotating disk and the inertia-driven vortex is pushed upward and inward. With the increase of the Weissenberg number to 0.5 the small elasticitydriven vortex grows and with further increase of We to 1.0, the inertia-driven vortex diminishes and the entire domain becomes occupied by the elasticity-driven vortex. Note that when the Weissenberg number is increased from 0.01 to 0.5, the secondary flow becomes weaker. The inhibition of vortex motion at the meridi- onal plane agrees with the experimental findings ͓1͔. With further increase of the Weissenberg number to 1.0, the secondary flow increases slightly. At a small Weissenberg number ͑E = 0.0001͒, the free surface pattern is the same as that of Newtonian flow and the depth of the dip in the free surface is almost the same as that of Newtonian flow. With the increase of the Weissenberg number the dip depth decreases and finally a bulge is produced near the axis and a dip is generated near the sidewall, indicating that elasticity plays an important role in the shape of the free surface, which is in agreement with the experiment ͓1͔. Figure 5 shows the contours of the tangential velocity at the meridional plane. The contour values range from 0.05 to 0.8 and the interval is 0.05. It is clear that elasticity generally weakens the primary flow; the larger the Weissenberg number, the smaller the tangential velocity. The weakened primary flow with the increase of elasticity has been measured in the experiments ͓1͔. The boundary layer becomes thinner with the increase of the Weissenberg number, leading to a larger viscous frictional drag. Figure 6 shows the tangential velocity versus radius at z = 0.2 where it becomes clearer that the tangential flow is inhibited by elasticity. Compared to Newtonian flow, the tangential velocities of viscoelastic flows first increase gradually and then decrease gradually and their peaks shift inward toward the axis. In the experiment, there are two tangential velocity peaks along radial direction for Newtonian fluid due to the effect of the high-Reynolds number. With addition of surfactant additives, it was found that the velocity peak near the axis vanishes and the other peak shifts toward the axis ͓1͔. The shift is in agreement with the numerical simulation. Figure 7 shows the transient process of the development of the vortex of viscoelastic flow at We= 1.0 from a static state. It can be seen that the swirling free surface flow experiences a complex flow process. Below t = 0.4, the flow is weak and the secondary flow is inertia driven. At t = 0.8, a small elasticity-driven vortex is generated at the outward edge of the rotating disk that increases gradually and finally occupies the entire field. When t is less than 2.0, inertial and elasticity forces are weak and gravity is the largest force. The gravity force counteracts the inertia-driven and elasticity-driven vortex, producing a flat free surface. However, when t is larger than 2.5, the elasticity force plays the most important role and a bulge is produced at the region near the axis. Finally a steady solution is obtained as shown in Fig. 4͑e͒ .
(2) Effect of Reynolds number: Three Reynolds numbers Re = 10, 100, and 5000 were studied with other parameters set as We= 0.5, Fr= 100, ␤ = 1.0, ␣ = 0.0, and a = 1.0. Note that for Re = 5000, the flow becomes unstable and it is not possible to achieve a steady converged solution. The secondary flows of various Reynolds numbers at the meridional plane are shown in Fig. 8 . It can be seen that the larger the Reynolds number, the more "Newtonian-like" the flow pattern and surface shape become, due to the larger inertial force. One instantaneous snapshot of the secondary flow of the Newtonian fluid at Re= 5000 and a = 1.0 is also shown in Fig. 8 . It can be seen that the one-vortex structure in Fig.  4͑a͒ breaks into two counter-rotating vortices at the much higher Reynolds number. The inertia-driven vortex is pushed toward the sidewall with the vortex center shifted upward. This breakdown phenomenon at the high Reynolds number qualitatively agrees with the experiment ͓1͔. In the experiment the Reynolds number is higher and the inertial vortex is pushed further upward and outward. Both the numerical simulation and experiment show that the strength of the inertia-driven vortex is much stronger than the counter-rotating vortex.
(3) Effect of Froude number: Froude number is defined as the ratio of inertial force to gravitational force. It is found that the Froude number does not change the flow pattern, but greatly affects the free surface. The dip of the free surface shape decreases with the decrease of the Froude number as shown in Fig. 9 . This indicates that the gravity can effectively prevent deformation of the free surface when it is much larger than the inertial and elastic forces.
(4) Effect of viscosity ratio ␤: Kawaguchi et al. ͓19͔ show that the larger the concentration of the CTAC solution, the larger the apparent shear viscosity and relaxation time. In section ͑1͒ we described the effect of relaxation time ͑ Weissenberg number͒; in this section, the effect of viscosity due to surfactant additives is described. By increasing the viscosity ratio ␤ from 1.0 to 3.0, the secondary flow ͓Fig. 4͑c͔͒ is significantly weakened, as shown in Fig. 10 . The free surface shape completely changes as the dip of the free surface near the axis becomes a bulge. The azimuthal velocities are also suppressed ͑not shown͒. It can be seen that the increase of the viscosity ratio is somewhat equal to the increase of the Weissenberg number.
(5) Effect of mobility factor on the flow pattern and surface shape: Figure 11 shows the flow motions at different mobility factors. It is seen that mobility factor also greatly affects the flow pattern and dip height. For a mobility factor ␣ = 0.01, the dip height is smaller than that of Newtonian fluid; with the decrease of mobility factor the dip height decreases, and a bulge is reproduced near the axis at ␣ = 0. The flow patterns at ␣ = 0.01 and ␣ = 0.003 are respectively similar to those of Figs. 4͑c͒ and 4͑d͒. This indicates that the increase of mobility factor is somewhat equivalent to a decrease of elasticity. Figure 12 shows the evolution of the minimal tangential velocity starting from the stop of the rotating disk. For small elasticity We= 0.1, though there is an opposite flow at the very beginning after the stop, it lasts very short time. Actually the opposite flow occurs only in the region very near the bottom disk and soon vanishes. The larger the Weissenberg number, the larger the minimal tangential velocity ͑absolute value͒ and the recoil process lasts a longer period. Figure 12 also shows that the increase of the mobility factor suppresses the recoil process. A recoil process at Re= 100, We= 1.0, Fr= 100, ␤ =1, ␣ = 0.003, and a = 1.0 is shown in Fig. 13 . It is seen that the opposite flow first occurs in the near wall region and then it spreads to most of the fluid region. When the rotating disk stops, the velocity gradient ‫ץ‬u / ‫ץ‬z at the bottom disk changes from negative value to positive value which makes an abrupt change of ͑␤ /Re͒͑‫ץ‬ z / ‫ץ‬z͒. Due to the change of the elastic stress, recoil flow first occurs in the region near the bottom disk.
Figures 14 and 15 respectively show the evolution of tangential velocities at different radial and axial positions. It is seen clearly that the swirl decay time ͑SDT͒ differs greatly with respect to positions, while in the experiments a SDT almost independent of locations is found ͓1͔. The almost constant SDT in the experiments means the spread of the recoil process from bottom disk to entire flow region is very fast. The different SDT feature is quite probably due to the effect of Reynolds number, etc.
Finally, we summarize the relationship between the DR rate, Quelleffekt, recoil process, and rheological properties in Fig. 16 . The present numerical simulations and previous direct numerical simulation ͑DNS͒ results ͓25-27͔ show that Quelleffect and recoil process and drag-reduction rate are strongly dependent on the Transactions of the ASME rheological parameters of the solution. The present numerical tests have shown that generally the larger the relaxation time, the smaller the mobility factor, and the larger the ␤ value, the smaller the dip height. On the other hand, DNS results ͓25-27͔ show that the larger the elasticity, the smaller the mobility factor, and the larger the ␤ value, the larger the drag-reduction ͑DR͒ rate. Therefore a preliminary judgment can be made that the smaller the dip height, the larger the DR ability. This is in agreement with the report of Wei et al. ͓1͔ which experimentally found that the DR rate is related to the dip height; the onset of drag-reduction occurs after a critical dip height. We can also connect DR rate with the recoil process. Generally the stronger the recoil motion, the larger DR capability the solution may possess.
Conclusion
Numerical simulations were performed for the swirling flows of Newtonian and viscoelastic fluids in a cylindrical vessel with a rotating disk at the bottom. The MAC method was extended to axisymmetric swirling viscoelastic flows. The effect of Weissenberg number, Reynolds number, Froude number, surfactantinduced viscosity, and mobility factor were systematically studied. The primary conclusions are summarized as follows. The MAC method can successfully solve axisymmetric viscoelastic flows. The experimentally observed vortex breakdown of Newtonian flow at a large Reynolds number is validated by numerical simulation. The flow pattern and surface shape are greatly dependent on the balance between inertial force, elastic force, and gravity. Elasticity weakens both the primary and secondary flows and makes the boundary thinner, which qualitatively agrees with the experimental results. With the increase of elasticity, the dip of the free surface near the axis decreases and for highly elastic fluid a bulge is generated. For small inertial and elastic forces, gravity can counteract both the inertial motion and elastic motion, thus preventing surface deformation. The dip height can be utilized to preliminarily judge the DR capability of a surfactant solution.
